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Abstract

Numerical solution of eigenvalues and eigenvectors of large matrices originating from discretization of linear and non-
linear Schrödinger equations using the imaginary time propagation (ITP) method is described. Convergence properties and
accuracy of 2nd and 4th order operator-splitting methods for the ITP method are studied using numerical examples. The
natural convergence of the method is further accelerated with a new dynamic time step adjustment method. The results
show that the ITP method has better scaling with respect to matrix size as compared to the implicitly restarted Lanczos
method. An efficient parallel implementation of the ITP method for shared memory computers is also demonstrated.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Our recent efforts in solving the ‘‘electron in helium’’ – problem numerically indicated the need for a sys-
tematic study of fast methods for diagonalizing matrices (‘‘Hamiltonians’’) that originate from three-dimen-
sional linear and non-linear Schrödinger equations [1,2]. With this particular problem we noticed that, for
example, a Gaussian-type basis set was not sufficiently flexible for producing accurate results and hence it
was necessary to solve the problem using a less restrictive grid basis [2]. In 3D the size of the Hamiltonian
matrix grows rapidly as a function of the number of spatial grid points and the problem size quickly increases
beyond computational resources. In the present case, with spatial grid sizes extending up to 512 · 512 · 512
only iterative methods, such as variants of the Lanczos method and the imaginary time propagation of Schrö-
dinger equation (i.e. by mapping time t!�it; ITP), are applicable in practice. In this paper we will carry
out comparison of the implicitly restarted Lanczos method, as implemented in the ARPACK package, and
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the ITP method with 2nd and 4th order time propagators. The main aim is to find a practically applicable
method for solving large-scale matrix eigenproblems that result from discretization of linear and non-linear
Schrödinger equations [3].

Both the implicitly restarted Lanczos and ITP methods have been extensively studied previously (see, for
example, Refs. [3–7] and references therein). The Lanczos method is used as a reference of comparison in
the current work and hence the basic details of this method are not given here. Instead, we concentrate on
formulation and discussion of the ITP method. This method is, for example, a key element in many Monte
Carlo-based approaches. Unlike with Monte Carlo, it is possible to obtain excited states when the resulting
diffusion-type problem is solved by non-stochastic methods. This can be carried out by propagating a number
of different wave functions and orthogonalizing them after each time step [5]. The ITP method can be effi-
ciently implemented in 3D by using the operator splitting technique. The splitting of the kinetic and potential
parts in Schrödinger equation involves an error that is proportional to the power of the time step and depends
on the accuracy of the splitting scheme. Recently, Krotscheck et al. studied convergence properties of split
operators with various orders [4,5]. With a given splitting scheme, the exponential operators must be propa-
gated over short time steps. This can be carried out conveniently in coordinate and momentum spaces for the
potential and kinetic operators, respectively. Transformation between the spaces can be computed efficiently
by the fast Fourier transform (FFT)-based methods. It should be recalled that the use of FFT implies periodic
boundary conditions. The ITP method is also well suited for solving non-linear Schrödinger equations
whereas, for example, the Lanczos based methods typically employ a self-consistent-field (SCF; ‘‘fixed point
iterations’’)-type approach.

In this paper, we (I) compare convergence properties and accuracy of the 2nd and 4th order operator-split-
ting methods for ITP, (II) study the effect of dynamic time step adjust for convergence, (III) obtain practical
computational scaling for the applied ITP method, (IV) compare the ITP and implicitly restarted Lanczos
methods, and (V) demonstrate that an efficient parallel version of the ITP algorithm can be implemented. Both
linear and non-linear problems are considered in this work.

2. The imaginary time propagation method

We are seeking approximate solutions to time-independent Schrödinger equation:
HwiðrÞ ¼ EiwiðrÞ i ¼ 1; 2; 3; . . .

H ¼ T þ V ðxÞ ¼ � �h2

2m
Dþ V ðxÞ

ð1Þ
where �h is the Planck’s constant (one in atomic units), H is the Hamiltonian consisting of kinetic energy oper-
ator T and potential energy operator V, wi are the eigenfunctions, and Ei the eigenvalues. The potential energy
operator V can be either linear or non-linear. If the eigenfunctions wi are known, the eigenvalues can be cal-
culated from the expectation value Ei = Æwi|H|wiæ. This means that it is possible to modify the original problem
in such a way that the eigenfunctions remain unchanged but the eigenvalues are altered. One such approach is
to use the inverse iteration method, where the original Hamiltonian is replaced by (H + a)�1. The shift a is
chosen such that the operator is positive definite and has good spectral properties [5,8]. Another approach
is based on using the corresponding time-dependent Schrödinger equation in imaginary time (t = �is):
owðr; sÞ
os

¼ �H
�h

wðr; sÞ ð2Þ
where w(r,s) is a wavefunction that is given by a random initial guess at s = 0 and converges towards the
ground state solution w0(r) when s!1. This is the key equation in the ITP method. The formal solution
to this equation can be written as (s = nDs):
wðr; sÞ ¼ e�Hs=�hwðr; 0Þ ¼ ðe�HDs=�hÞnwðr; 0Þ ð3Þ

In fact, the above exponential operator exp(�Hs/�h) has the same eigenfunctions as Eq. (1). The last form in
Eq. (3) can be thought as an analog of the power method or its generalization the subspace iteration, which
can also be applied for the inverse iteration Hamiltonian [9]. Krotscheck et al. have carried out a compar-
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ison of both modified Hamiltonians using the power iteration scheme and observed that the exponential
form has much faster convergence [5]. The inverse iteration Hamiltonian can be considered as the lowest
level approximation to the exponent operator Taylor expansion. In order to carry out practical calculations
with the exponential-form operator, it is necessary to decouple the kinetic and potential parts from each
other using the operator splitting technique [5,7,10]. Unfortunately, for most problems the splitting cannot
be done exactly and one has to resort to approximation. In this work we will consider two different schemes
[5,11,12]:
e�ðTþV ÞDs=�h � e�
1
2V Ds=�h � e�T Ds=�h � e�

1
2V Ds=�h þOðDs3Þ ð2nd orderÞ

e�ðTþV ÞDs=�h � e�
1
6V Ds=�h � e�

1
2T Ds=�h � e�

2
3 Vþ 1

48½V ;½T ;V ��Ds2ð ÞDs=�h � e�
1
2T Ds=�h � e�

1
6V Ds=�h þOðDs5Þ ð4th orderÞ

ð4Þ
The commutator in the 4th order expression can be written as:
½V ; ½T ; V �� ¼ �h2

m
jrV j2 ð5Þ
This term can be evaluated either by calculating the gradient accurately in the momentum space or by
using the finite difference approximation. Transformation between the coordinate and momentum spaces
can be carried out by using the fast Fourier transformation (FFT) technique [13]. Propagation of each split
component in Eq. (4) can be efficiently evaluated in the space where the component operator is diagonal
(i.e. kinetic operator T in the momentum and potential operator V in coordinate space). In the view of
power iteration, the split operator technique allows for efficient calculation of the matrix exponential in
Eq. (3).

The basic ITP method yields only the ground state solution to Eq. (1). The excited states can be obtained by
propagating a number of different wavefunctions simultaneously in time and requiring that the states are
orthonormal after each time step. This can be achieved, for example, by Gram–Schmidt orthogonalization
or by diagonalizing the overlap matrix. For a small number of states both methods were accurate, however,
when the number of states increased the Gram–Schmidt method became numerically inaccurate. Thus in this
work we orthogonalize the states by diagonalizing the overlap matrix:
SC ¼ kC

Spq ¼ hWpðsþ DsÞjWqðsþ DsÞi ¼
Z

W�pðrÞWqðrÞd3r ¼ D3
X

i

W�pðriÞWqðriÞ

Wqðsþ DsÞ ¼ e�HDs=�h/qðsÞ

ð6Þ
where S is the overlap matrix, C is a matrix of the orthogonalized states, /q are the orthonormal wave func-
tions from the previous diagonalization, k are the corresponding eigenvalues, D is the spatial grid step in the
discrete problem and ri’s are the corresponding grid points.

Estimates for the eigenvalues can be calculated during the ITP from the corresponding expectation values
or from the time decay of the wavefunctions [14]:
Ei
H ðsþ DsÞ ¼ h/iðsþ DsÞjH j/iðsþ DsÞi ¼ Ei þOðDs2aÞ

Ei
Dðsþ DsÞ ¼ � lnðhWiðsþ DsÞjWiðsþ DsÞiÞ

2Ds=�h
¼ Ei þOðDsaÞ

ð7Þ
where Ei is the closest eigenvalue, a is the order of error in the wave function, s is the current time position,
and Ds is the time step. An estimate for the relative error can be calculated as follows:
Dei ¼
DEi

Ei
� DEi

Ei
H

ð8Þ
when EH is close to Ei and DEi is the absolute error. From the eigenvalue error bound in Ref. [15], it follows
that standard deviation of the Hamiltonian can be used in estimating the absolute error:
DEi ¼ jEi � hwijH jwiij 6
ffiffiffi
2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hwijH 2jwii � hwijH jwii
2

q
ð9Þ



Fig. 1. A flow chart of the ITP algorithm involving the dynamic time step adjustment. When more than one state is included, EL, ES, DEL

and DES were calculated as a root-mean-square of the corresponding values for individual eigenvalues.
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where the trial wavefunction wi is close to eigenstate i. This error estimate can be used as a criterion for adjust-
ing the imaginary time step during the time propagation. However, Eq. (9) usually leads to too tight error
bound. For this reason the absolute error of the ITP method was based on the difference between the accurate
and approximate eigenvalues. The convergence speed of the power iteration method is proportional to
|Ek/Ek+1|s [15]. When s and |Ek � Ek+1| are large, we have for a given state k (|Ck| � 1, |Ck+1|� 1 and all other
coefficients are close to zero):
hwkjH 2jwki � hwkjH jwki
2 ¼ 1

2

X
i6¼j

C2
i C2

j ðEi � EjÞ2 � C2
kþ1jEk � Ekþ1j2

jEk � hwkjH jwkij � C2
kþ1jEk � Ekþ1j

) hwkjH 2jwki � hwkjH jwki
2

jEk � Ekþ1j
� jEk � hwkjH jwkij

ð10Þ
where wi are approximate eigenvectors from ITP, coefficients C are expansion coefficients of wi in the eigen-
vectors of H, Ei are the exact eigenvalues of H. When the energy difference |Ek � Ek+1| is known to be suffi-
ciently large, the right-hand side in Eq. (9) can be squared to obtain a convergence estimate for ITP.

The basic scheme for time step adjustment algorithm is shown in Fig. 1. The main idea is to propagate using
two different time steps and reduce the step only if this would produce a smaller absolute error and a smaller
eigenvalue. The current algorithm is only allowed to make the time step shorter and hence it is important to
choose the initial time step sufficiently large. However, if too large initial time step is chosen, the ITP process
becomes numerically unstable.
3. Numerical results and discussion

All serial calculations were carried out on PowerPC G5 based computers. Parallelization of the time inte-
gration scheme was implemented using OpenMP directives [16] and the resulting code was executed on IBM
pSeriers 690 shared memory computer using up to 11 processors.
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3.1. 3D linear Schrödinger equation with an anharmonic potential

The following anharmonic form was used as a linear potential in Eq. (1):
Fig. 2.
linear
4th or
(triang
V linðx; y; zÞ ¼ D 1� cos2 px
kx

� �
cos2 py

ky

� �
cos2 pz

kz

� �� �
ð11Þ
where D = 10 Hartree and kx = ky = kz = 6.4 Bohr. It should be noted that the use of purely harmonic poten-
tial might lead to an accidental cancellation of terms and therefore it is not a good choice for test purposes.
Unless otherwise noted the standard grid size was 32 · 32 · 32, the spatial grid step 0.2 Bohr and the initial
time step 1. Atomic units are used through out.

In the first set of runs accuracy of the 2nd and 4th order methods is demonstrated (see Fig. 2). The 2nd
order method (see Eq. (4)) reaches 4th order in energy and the 4th order correspondingly 8th order in energy.
In the latter case floating point precision was an important factor. This can be seen by comparing the single
and double precision results in Fig. 2. For smaller time steps than shown in the figure, double precision also
runs out of accuracy and a sudden drop in the curve occurs. The position of the drop depends on the form of
the potential operator. Convergence of the four lowest states is shown in Fig. 3. Discontinuities in the curves
result from the dynamic time step adjust procedure. The difference between the methods becomes significant
when accurate results are required. For example, to reach relative errors less than 10�5, the 2nd order method
requires four times more iterations than the 4th order method. Iterations using the 4th order method are
approximately twice as expensive to compute, but due to smaller number of iterations required, it consumes
less CPU time overall in reaching the desired accuracy.

When degenerate eigenstates are present, it is important to include all such states in the calculation even if
just one of them is sought. This is demonstrated in Fig. 4 where two identical calculations were carried out
with four and five states included. The fifth state belongs to a degenerate set of states not fully included in
the calculation. In both cases the first four states converge rapidly but the fifth state converges extremely
slowly. If the rest of the states from this particular degenerate set were included in the calculation, fast con-
vergence of this state would be restored. However, it should be noted that inclusion of more states in the cal-
culation, increases the computational cost of the ITP algorithm. This is shown in Fig. 5 where wall clock time
was obtained as a function of number of states included. The scaling is O(N2), where N is the number of states.
This scaling results form the underlying orthogonalization procedure.

Finally, comparison of the ITP and the implicitly restarted Lanczos (ARPACK) method was carried out. In
the latter case the kinetic energy operator T was also evaluated using FFT and the number of Arnoldi vectors
was chosen to be twice the number of eigenstates. Wall clock time as a function of grid points is shown in
Accuracy of the 2nd and 4th order operator splitting formulas (Eq. (4)). The matrix problem originates from discretization of the
Schrödinger equation as described in Section 3.1. The 2nd order formula (circles) reaches 4th order accuracy in energy whereas the
der formula (squares and triangles) reaches 8th order in energy as the time step is reduced. Note the difference between the single
les) and double precision (squares) results and that the x-axis is logarithmic. For definition of 2a, see the first line of Eq. (7).



Fig. 3. Convergence of the 2nd and 4th order formulas (Eq. (4)) as a function of number of time steps. The matrix problem originates
from discretization of the linear Schrödinger equation as described in Section 3.1. The solid lines represents the convergence of the four
lowest energy states using the 4th order formula and the dotted lines the 2nd order formula. Note that the y-axis is logarithmic.

Fig. 4. The effect of degeneracies on the convergence of the ITP method. The matrix problem originates from discretization of the linear
Schrödinger equation as described in Section 3.1. The solid lines corresponds to the four lowest states with all degenerate states included in
the calculation and dashed lines to the five lowest states with only one state from the next degenerate set of states. Note the poor
convergence of the fifth state and that the y-axis is logarithmic.

Fig. 5. Scaling of the ITP method as a function of states included in the calculation. The matrix problem originates from discretization of
the linear Schrödinger equation as described in Section 3.1. Circles mark the computed points and the dotted line denotes a linear fit to the
logarithmic data. Note that both axes are logarithmic.
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Fig. 6. Computational scaling of the ITP and implicitly restarted Lanczos methods (ARPACK) for 1, 4 and 10 states. The matrix problem
originates from discretization of the linear Schrödinger equation as described in Section 3.1. The Lanczos method results in a slope of
k � 5.5 and the ITP method k � 3.3. The dotted lines are linear fits to the data. The matrix dimension is N3 · N3. Note that both axes are
logarithmic.
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Fig. 6 with 1, 4 and 10 states included in the calculation. The end criterion for the ITP method was set to
DE < 10�7 whereas machine precision had to be used for ARPACK. In the latter case the choice was based
on the observation that ARPACK would otherwise miss eigenstates. The ITP method always found the lowest
states properly with the given accuracy. The slopes for the Lanczos and ITP methods were k � 5.5 and k � 3.3,
respectively, as obtained from the dotted lines in Fig. 6. This demonstrates clearly the ITP method has much
better scalability in terms of the grid size than the Lanczos method. On the other hand, the Lanczos method
scales much better as function of number of states. For large problems the overall scaling makes the ITP
method faster when a small number of eigenstates are requested. A parallel implementation of the ITP method
for a shared memory machine was implemented using the standard OpenMP tools [16]. Parallelization of the
main for – loops yields already good results as shown in Fig. 7. The effective speed-up with 11 processors was
close to 9, which yields 82% total efficiency.
Fig. 7. Parallel scaling of the ITP method. The matrix problem originates from discretization of the linear Schrödinger equation as
described in Section 3.1. The y-axis indicates how many times faster (‘‘speed-up’’) the code ran as compared to the single processor case.
The solid line shows the theoretical maximum.
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3.2. 3D non-linear Schrödinger equation with a Gross–Pitaevskii potential

The following non-linear potential was used in Eq. (1):
Fig. 8.
discret
dashed

Fig. 9
Schröd
curves
V non-linðw; x; y; zÞ ¼ kjwðx; y; zÞj2 þ V linðx; y; zÞ ð12Þ

where k = 6.86 · 10�3 Hartree Bohr�3 (i.e. 7 K/0.0218 Å�3) and Vlin is given by Eq. (11) with kx = ky = kz

= 25.6 Bohr and D = 3.17 · 10�4 Hartree (i.e. 100 K). The non-linear part resembles the Gross–Pitaevskii po-
tential for superfluid 4He and the linear part corresponds to an anharmonic trap (see Section 3.1). Unless
otherwise noted the standard grid size was 32 · 32 · 32 and the spatial grid step 0.8 Bohr.

Convergence of the relative error (Eq. (9)) using two different initial time steps is shown in Fig. 8. The initial
time step of 104 was sufficiently large to achieve rapid initial convergence whereas the smaller time step
resulted in clearly slower initial convergence. In practice the initial time step should be chosen as large as pos-
sible. However, too large time step result in unstable time propagation. A similar problem appears with
ARPACK when too aggressive updating of the current SCF solution is used. Behavior of the dynamic time
step adjustment procedure is demonstrated in Fig. 9. It is clearly seen that the small initial time step causes
The effect of dynamic time step adjust on convergence (relative error) of the ITP method. The matrix problem originates from
ization of the non-linear Schrödinger equation as described in Section 3.2. The solid line indicates the initial time step of 104 and the

line 5 · 103. Discontinuities in the curves arise from the time step adjustment. Note that the y-axis is logarithmic.

. Dynamic time step adjust during the ITP iterations. The matrix problem originates from discretization of the non-linear
inger equation as described in Section 3.2. The solid line indicates initial time step of 104 and the dashed line 5 · 103. Jumps in the
arise from time step adjustments.



Fig. 10. Computational scaling of the ITP and implicitly restarted Lanczos methods (ARPACK) for linear and non-linear problems. The
matrix problem originates from discretization of the non-linear Schrödinger equation as described in Section 3.2. The dotted lines are
linear fits to the data. The matrix dimension is N3 · N3. Note that both axes are logarithmic.
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excessive propagation with non-optimal time step. If a good diagnostics for problem stability would exist, it
would also be possible to increase the time step in the adjustment algorithm.

For non-linear problems an SCF-type approach must be used with ARPACK since it does not allow for
changing the underlying matrix during the iterations. Thus sequences of linear problems are solved which then
converge towards the correct non-linear problem as well as its solution. In the ITP method the matrix can
change during the imaginary time evolution and therefore the non-linearity can be treated in a natural
way. Results from comparing implicitly restarted Lanczos and the ITP methods are shown in Fig. 10. Calcu-
lations were carried out using 10�7 relative error convergence limit (i.e. exact form of Eq. (9)). Furthermore, in
the ARPACK case, the SCF iterations were terminated when the relative difference between the successive
eigenvalue estimates fell below the 10�7 limit. This standard termination condition does not guarantee that
the error would yet be below the required bound. Computational scaling with respect to the number of grid
points remains unchanged going from a linear (Section 3.1) to a non-linear problem. Small increase in the pre-
factor was observed for the ITP method and a larger increase for the Lanczos method (see Fig. 10). In the
latter case the increase originates from the explicit SCF treatment. For large problems, however, these differ-
ences are insignificant. In general, the ITP method preserves the better computational scaling as compared to
Lanczos.
4. Conclusions

We have shown that the ITP method is a fast method for obtaining eigenvectors and eigenvalues of large
matrices that originate from discretization of linear and non-linear Schrödinger equations. Best convergence
properties were achieved by using the 4th order propagator with the dynamic time step adjustment. It is
important that all states from possible degenerate sets are included in the calculation in order to obtain fast
convergence. Our numerical tests show that the ITP method has much better scaling as a function of matrix
size as compared to the implicitly restarted Lanczos method (ARPACK). In fact, solution of our ‘‘electron in
helium’’ problem using a large grid basis (512 · 512 · 512) was practically impossible using the Lanczos
method due to the required long computational time. The ITP method can also treat the non-linearity in this
problem naturally without any SCF treatment. Parallel implementation of the ITP method using a shared
memory computer and a small number of processors is straightforward. Scaling to higher number of proces-
sors would presumably just require more detailed parallelization of the code. For our current problem scaling
up to 11 processors is sufficient.
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